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ABSTRACT. The purpose of this paper is to introduce the concept of
linear Diophantine Sheffer stroke ideal in Sheffer stroke Hilbert algebra,
and to investigate several properties. We will address the characterization
of linear Diophantine Sheffer stroke ideal, and explore the conditions for
the linear Diophantine set to be linear Diophantine Sheffer stroke ideal.
After constructing subsets ¢, 6°, €4¢¢), 590, (h, €)s, (0,€)%, (h,q)¢, and
(3,q)*, we will explore the conditions under which they become the ideal
of Sheffer stroke Hilbert algebra.
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1. INTRODUCTION

T'he Sheffer stroke “|”, which is introduced by Sheffer [1], gives a minimal alge-
braic signature for Boolean algebras in algebraic presentations, and all propositional
tautologies can axiomatized using only formulas built from |. Logical connectives
such as =, A, V, =, >, etc. can be defined using the Sheffer stroke “|” which is
a universal connective. For example, =p = p|p (negation), p — ¢ = p|(¢lg) (im-
plication), p A ¢ = (p|q)|(plg) (conjunction), 1 = p|(p|p) (truth constant), pV ¢ =
((plp)I(al)I((plp)|(alq)) (disjunction), and the biconditional p <+ ¢ by

p < q = ((pl(qlg)|(ql(plp))) | ((pl(ala))](al(plp))) -

A Hilbert algebra is usually defined with an implication — and a constant 1. But
since — and 1 can both be defined in terms of the Sheffer stroke “|”, Oner et al. [2]
introduced the Sheffer stroke Hilbert algebras, and described its deductive systems
and ideals. Katican and Bordbar [3] provided a new characterization of Sheffer stroke
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Hilbert algebras by suggesting ideals and stabilizers. Jun and Oner [4] addressed
weak filters and multipliers in Sheffer stroke Hilbert algebras. Also, Jun, Oner,
Katican and Borumand Saeid studied fuzzy ideals of Sheffer stroke Hilbert algebras
(See [5, 6]).

A linear Diophantine equation is a type of Diophantine equation that is linear in
the unknowns, and it is an equation of the form

ar + by =c¢

where a, b, ¢ are given integers, and the unknowns z, y are sought as integers. Using
the idea of linear Diophantine equation, Riaz and Hashmi [7] introduced the concept
of a linear Diophantine fuzzy set in a set X by using two fuzzy sets f and g in X
and two reference parameters « and 3 in [0, 1], and it satisfies the condition

(1.1) 0<af(z)+pg(z) <1

for all z € X with 0 < o+ 8 < 1. However, in general, the condition (1.1) is always
true for all @ and 8 with 0 < a4+ 8 < 1. This means that the condition (1.1)
is not in a vibrant state. Therefore, we feel the need to reassign the roles of two
reference parameters a and § in order to activate the condition (1.1). Based on this
intention, we invigorate the condition (1.1) by introducing a linear Diophantine set,
and apply it to Sheffer stroke Hilbert algebras. We introduce the concept of a linear
Diophantine Sheffer stroke ideal in Sheffer stroke Hilbert algebras, and investigate
several properties. We address the characterization of the linear Diophantine Sheffer
stroke ideal. We explore the conditions under which a linear Diophantine set becomes
a linear Diophantine Sheffer stroke ideal. We construct subsets e, 6%, €4¢4), 590,
(hy €)e, (0,€)%, (h,q)s, and (9,q)?, and so on to explore the conditions under which
they become the ideal of a Sheffer stroke Hilbert algebra.

2. PRELIMINARIES

Definition 2.1 ([1]). Let (X,|) be a groupoid. Then the operation | is said to be
Sheffer stroke or Sheffer operation, if it satisfies
(s1) alb = b|a,
(s2) (ala)[(alb) = a,
(s3) al((ble)[(blc)) = ((a]b)[(alb))]c,
(s4) (al((aa)[(b]b)))|(al((ala)[(b]b))) = a
for all a,b,c € X.

Definition 2.2 ([2]). A Sheffer stroke Hilbert algebra is a groupoid (X,|) with a
Sheffer stroke | that satisfies

where A := b|(c|c), B := a|(b|b) and C := a|(c¢),
(sH2) a|(b]b) = b|(aja) =al(ala) = a=0b
for all a,b,c € X.

Every Sheffer stroke Hilbert algebra (X, |) satisfies a|(aja) = b|(b|b) for all a,b €
X (See [2, Lemma 3.4]) and it is denoted by 1. Then (X,|) contains the algebraic
constant 1. Because of this background, the Sheffer stroke Hilbert algebra (X, |) can
be expressed as X := (X, [, 1).

2
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Let X := (X, |, 1) be a Sheffer stroke Hilbert algebra. Then the order relation
<x on X is defined as follows:

(2.1) (Va,b € X)(a<x b & a|(blb)=1).

We observe that the relation <x is a partial order in a Sheffer stroke Hilbert
algebra X := (X, |, 1) (See [2]) and 1 is the largest element of X.

Proposition 2.3 ([2]). Every Sheffer stroke Hilbert algebra X := (X, |, 1) satisfies

(2.2) al(ala) = 1,
(2.3) al(11) = 1,
(2.4) ((a] (6]6))|(6]6)) (6] 6) = al(B]6).

for all a,b,c € X.
Proposition 2.4 ([2]). If a Sheffer stroke Hilbert X := (X, |, 1) contains the least

element 0, then the following assertions are valid.

(2.5) 0[0=1, 1|1 =0,

(2.6) a|l =ala, a|0 = 1.

Definition 2.5 ([2]). Let X := (X, |, 1) be a Sheffer stroke Hilbert algebra with
the smallest element 0. A subset A of X is called an ideal of X := (X, |, 1), if it
satisfies

(2.7) 0e A,

(2.8) (Va,b € X)(b € A, (a|](b]b))|(al(b]b)) € A = ac A).

3. LINEAR DIOPHANTINE SHEFFER STROKE IDEALS

Using the idea of linear Diophantine equation, Riaz and Hashmi [7] introduced
the concept of a linear Diophantine fuzzy set in X as follows.

Definition 3.1 ([7]). Let X be a nonempty reference set. A linear Diophantine
fuzzy set on X is an object of the form:

L = {(z; (h(x),0(x)), (¢,9)) | € X},

where i(x), 8(x), &, § € (0,1] are membership, non-membership and reference pa-
rameters respectively. These grades satisfy the condition

(3.1) 0<eh(x)+d0(x)<lforallz e X with0<e+4<1.

In the linear Diophantine fuzzy set on X, since hi(x), 8(z), &, and ¢ are within
(0,1], we know that if 0 < £+ 6 < 1, then the condition 0 < ehi(z) + §0(z) < 1
is always true for all x € X. This raises concerns about the new role of reference
parameters.

Let X be a nonempty reference set, ¢,6 € (0,1] be reference parameters, and %
and 0 be functions from X to [0, 1].

Consider an object of the form:

(3-2) L = {(z; (h(x),0(x)), (¢,9)) | x € X},
3
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and it is simply denoted by L := (h, 0; ¢, §), and we say it is a Diophantine structure
in X. Since reference parameters ¢ and § are freely determined for each element
x € X, the reference parameters € and § given to the point x € X in the future will
be expressed as €, and 4, respectively, and they are considered to be in (0, 1] since
g,0 € (0,1].

Definition 3.2. A Diophantine structure £ := (h, 0; €, 0) in X is called a linear
Diophantine set in X, if it satisfies 0 < e, + d, < 1 and

(3.3) 0< hi(z) + 3-0(x) <1
for all z € X.

Example 3.3. Let X = {¢1,09,03,04} be a reference set and £ := (i, 0; ¢, §) be a
Diophantine structure in X given by the two columns to the left in Table 1.

TABLE 1. Tabular representation of £ := (k, 0; ¢, 9)

o1 (0 01, 0.02;0.50, 0 49) ~ 0.0608 0.99
) (0.12,0.13;0.48,0.49) ~ 0.5153 0.97
o3 (0.06,0.07;0.61,0.37) ~ 0.2876 0.98
4 (0.17,0.23;0.54,0.37) ~ 0.9364 0.91

Then the two columns to the right of Table 1 verify that £ := (k, 0; €, §) is a linear
Diophantine set in X.

In what follows, let X := (X, |, 1) (or simply X) denote a Sheffer stroke Hilbert
algebra with the smallest element 0 unless otherwise specified. Also, we use the
symbol x¥ instead of z|(y|y), and the element (x,z,2) of X3 = X x X x X will be
denoted by [z]? for all z,y € X.

In a linear Diophantine set £ := (h 0; €, 0) in X, we use the next sets:

e(min) := {(z,y,2) € X* | L < m}

d(max) = {(z,y,2) € X* \ 2w )

(h,€) :=={x € X | h(zx) > t},

(0,€)* = {z e X |0(z) < s},

(heq) = {z € X [ h(z) +1> 1},

(0,9)° :={zr € X |0(x)+s <1},

where ¢ and s are within (0,1). We note that (%, q)o = @ = (9, ¢)".

Definition 3.4. A linear Diophantine set £ := (k, 9; ¢, ¢) in X is called a linear
Diophantine Sheffer stroke ideal of X, if it satisfies

(Vx,a,2z,c € X)
(3.4) ( ((0,2,2),(0,a,a)) € e(min) x §(max) )
((z,2,2%)|27), (¢, a,c%|c")) € e(min) x J(max)

4
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35 (Vt,s € (0,1))
(3.5) ()2 + @) F(0,0)¢e (i e)x @) ),

and
(Vz,a,z,¢c € X)(Vt1,t2, 51,52 € (0,1))

(3.6) (z,a) € (h,€)r, x (3,€)™
: (27|22, ¢%|c%) € (B, €)y, x (D, €)%
[ (Z, C) S (h, E)min{tl,tg} X (6, e)max 81782}

Example 3.5. Consider a set X = {01,09,03,00}, and define a Sheffer stroke | by
Table 2.

TABLE 2. Cayley table for the Sheffer stroke |

| H 1 2 <3 <0
o1 <0 <3 09 o1
O9 <3 <3 &1 &1
<3 O9 o1 O9 o1
<0 &1 o1 o1 o1

Then X := (X, |, ¢1) is a Sheffer stroke Hilbert algebra with the smallest element
op (See [2]). Let £ := (A, 0; €, §) be a linear Diophantine set in X given by left two
columns in Table 3.

TABLE 3. Tabular representation of £ := (h, @; ¢, 0)

x € XH (z) :== (W= ),5(36)'530,530)“ éﬁ(m) + i?ﬁ(m)‘ €z + 0y
o1 (0.15,0.12;0.63,0.21) =~ (0.8095 0.84
o (0.15,0.11; 0.66,0.21) ~ 0.7511 0.87
o3 (0.23,0.12;0.63, 0.19) ~ 0.9967 0.62
0 (0.25,0.09;0.79,0.17) =~ (0.8459 0.96

Then the two columns to the right of Table 3 verify that £ := (k, 0; €, §) is a linear
Diophantine set in X. By simple calculations, we know that £ := (h, 0; €, J) is a
linear Diophantine Sheffer stroke ideal of X.

Theorem 3.6. A linear Diophantine set L := (h, 0; ¢, §) in X is a linear Diophan-
tine Sheffer stroke ideal of X if and only if it satisfies

€0 > €z, 00 < 0
(3.7) (Vz,a€ X) | e.>min{es, e} |,
de < max{da, dcajca}

(3.8) (Va,a € X) ( A(0) > A(z), 3(0) < d(a) ),
and

h(z) > min{A(x), K(z*|z")}
(3.9) (Vz,a,z,c € X) ( 3(c) < max{d(a), d(c |c")} ) )

5
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Proof. Assume that the linear Diophantine set £ := (h, 0; £, d) is a linear Diophan-
tine Sheffer stroke ideal of X. If ¢g < e, and dg > 04 for some x,a € X, then
1 1 1 1 1 1
% ” 5 T w45 <5 = mmr,y ThUS
((0,z,x),(0,a,a)) ¢ (min) x é(max),

a contradiction. So g > ¢, and dg < d, for all x,a € X.

Suppose that there exist z,a,z,¢ € X such that e, < min{e;, ;2.2 } and 0. >
max{du,éca|ca}. Then é > m and é < m. Thus

((z,z,2%|2%), (c,a,¢%[¢")) ¢ e(min) X d(max)
which is a contradiction. So e, > min{e,, €.+, } and 6. < max{dq,dca|ca } for all
r,a,2,¢ € X. Since (z,a) € (h, €)x() x (0, €)% for every x,a € X, we know that
(B, €)n(a) # @ # (9,€)%®). Hence
(030) € (ﬁ’v E)ﬁ(:ﬂ) X (85 e)a(u)

by (3.5), which shows that %(0) > A(x) and 9(0) < d(a), i.e., (3.8) is valid.

Let x,a,z,¢ € X be such that ¢; := h(x), t2 := h(2%|2%), s1 := 0(a), and sg :=
0(c*[c?). Then (x, a) € (h, €)¢, x (9, €)%t and (2%|2%, ¢*|¢?) € (h, €), X (T, €)%2. Thus
by (3.6),

(Z, C) c (ﬁ’ E)min{tl,tz} > (6, 6)max{s1,82}_
So fi(z) > min{ty,t2} = min{h(z), i(2*|z*)} and
0(c) < max{sy, s2} = max{9(a),d(c*[c")}.

Conversely, let £ := (h, 0; €, §) be a linear Diophantine set in X sarisfying the con-

s . 1 1 1 1 1 _
dlthilS (37),1 (3.8) and (13.9). Using (13.7), we haxlze e T e T e
max{0a,0a}’ €2 < min{ez,e @ | } and e 2 max{0a,0cajcal}’ Then ((O’ T, l‘), (0’ a, Ct)) €

g(min) x §(max) and ((z, z, 2%]2%), (¢, a, ¢%|c*)) € e(min) x §(max). Let ¢,s € (0,1) be
such that (h, €); # @ # (0, €)°, say (z,a) € (h,€); x (0,€)®. Then h(0) > h(z) >t
and 9(0) < 9(a) < s by (3.8), which means that (0,0) € (h, €); x (9,€)°. Let
x,a,z,¢ € X and tq,t2,51, 2 € (0,1) be such that (z,a) € (h €), x (3,€)% and

(27|27, ¢%c) € (R, €), X (T, €)%2.
Using (3.9), we get hi(z) > min{h(z), i(2*|2")} > min{t;, t2} and
0(c) < max{0(a),d(cc*)} < max{sy,s2},
that is, (z,¢) € (A €)min{ts,t23 X (0, g)ymaxtsuset Thus £ := (h, 0; ¢, 0) is a linear
Diophantine Sheffer stroke ideal of X'. 0

Proposition 3.7. Every linear Diophantine Sheffer stroke ideal L := (h, 3; €, §) of
X satisfies

(Vz,a,y,b € X)

(3.10) z<xy,a<xb
( F ((z,y,0), (a, b,O))6€ ¢(min) x 0(max) ) ’
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(Vz,a,y,b € X)(Vt,s € (0,1))
(3.11) ( p <X v a<Xb 3.6)" ) .
F( (ﬁ e) (6 €)°
and
(Vz,a,y,b € X)(Vt,s € (0,1))

(3.12) ( (x,a) € (B, €), x (0,€)%, (y,b) € (R, €)1, x (0,€)%2 )
= (2Y](yly), a®|(b|b e(ﬁ E)min{tr.ta) X (3, €)max{snsa}

)
Proof. Let xz,a,y,b € X and t,s € (0,1) be such that x <x y, a <x b and (y,b) €
(h,€)¢ x (0,€)%. Then ¥ = 1 = a®. Thus

hu

((z,9,0),(a,b,0)) = ((z,y,1[1), (a,b,1[1))
((z,y,2"|2"), (a,b,a°[a”))
9

(min) x §(max)

m

and (z¥|z¥,a®|a®) = (1]1,1]1) = (0,0) € (A, €); x (3, €)° by (2.5), (3.4) and (3.5).
So (z,a) € (A, €): x (0,€)® by (3.6). Let (z,a) € (A, €):, x (0,€)°* and (y,b) €
(A, €)1, x (0,€)*2 for all z,a,y,b € X. For every z,y € X, if we put

gv = (@ [(yly) [y (@[ (yly) (YY),

then
fY = (g2l(x|z))|(g%] (z|x))
= (((@[(YlyDI Yy [yl (yly)I(z|z))]
(@l [l I@ [ ly) I yly) (@] 2))
)
)

a¥|x)|(a]2)) | (¥ |2) | (]2

(

(ly)| (2" ]2"))|((yly)|(=
( ((

|

x

Yyl ((ly)[(1]1))
1=0
by (s1), (s3), (2.2), (2.3), (2.4) and (2.5). It follows from (3.5) that
(921 (|2))|(gI(z|2)), (gq](ala))|(gal(ala)))
- (f;:lvfc!l]) = (010) € (hve)t2 X (676)52'
Using the condition (3.6) leads to
(@I @I (@) lY)).
((a®[(6]6))I(b]6))]((a®|(b]6))[(b]b)))
= (gi’,gg) € (h, e)min{tl,tz} X (67 E)maX{81782}‘
Since (y,b) € (A, €), X (0, €)%2, it follows from (3.6) that
(@1(yly), a®](6]6)) € (B, €)minges ) X (B, €)Lo2,

This completes the proof. O
7
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Now we consider the conditions under which a linear Diophantine set £ := (h, O;
g, d) in X can be a linear Diophantine Sheffer stroke ideal of X.

Lemma 3.8 ([2]). In a Sheffer stroke Hilbert algebra X := (X, |, 1), the set {z,z}
has the the least upper bound z*|(x|z) for every x,z € X.

Theorem 3.9. Let L := (h, 0; €, §) be a linear Diophantine set in X satisfying
(3.4). If it satisfies the conditions (3.11) and (3.12), then it is a linear Diophantine
Sheffer stroke ideal of X .

Proof. Let t,s € (0,1) be such that (h,€); # @ # (0,€)°%, say (y,b) € (h,€)¢ X
(0,€)*®. Since 0 is the smallest element in X', we have (0,0) € (A, €): x (0,€)® by
(3.11). Let x,a,2,¢ € X and ty, 19, 51, s2 € (0,1) be such that

(z,a) € (h,€), x (9,€)%2 and (2%]2%,¢*|c*) € (h, €)s, x (J,€)%.
Then

((z"[(z[x)), (| (ala)))
= ((=I(((l2)(zl2)|(zl2) [ (zlz)(2]),

(cl(((ala)|(ala))[((ala)|(ala))))|(ala))
= (((z"2")[(z]x)) | (z|2), ((c*|c*)[(ala))[(a]a))

€ (5, €)min(t 1) X (8, €)mx{or02)
by (s2), (s3) and (3.12). The Lemma 3.8 induces z <x z*|(z|z) and ¢ <x ¢*|(ala).
It follows from (3.11) that
(2,6) € (B E)minfr 12y X (3, €)mtorsal,

Thus £ := (h, 0; €, §) is a linear Diophantine Sheffer stroke ideal of X. O

Lemma 3.10. In a linear Diophantine set L := (h, 0; €, d) in X, consider the
following assertions:

(813) (el A2#@,) F ( Egigii(ﬁ’e)tx(ae)s " )

(ha q)t X (67 Q)S

(1‘, a) € (ﬁv e)h X (67 6)51
(3.14) (]2, e°le%) € (, €}, x (8, €)*
) - < (Zv C) € (ha 6)min{tl,tg} X (87 G)maX{SI’SQ} or )
(Z7 C) € (h7 q)min{tl,t2} x (67q)maX{81’82} ’

(3.15) h(0) > min{A(x),0.5}, 8(0) < max{d(a),0.5},

and

(3.16) h(z) > min{h(x), h(z*|2*),0.5}
' 9(¢) < max{d(a),d(c*|c*),0.5}
for all z,a,z,c € X and t,t1,ts,8,81,82 € (0,1). Then (3.13) and (3.14) are equiv-

alent to (3.15) and (3.16), respectively.
8
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Proof. Assume that (3.13) and (3.14) are established. If (3.15) is not valid, then
R(0) < ¢t < min{A(x),0.5} or 8(0) > s > max{d(a),0.5} for some z,a € X and
(t,s) € [0,0.5] x [0.5,1]. Thus =z € (h,€), and 0 ¢ (h,€);, or a € (9,€)° and
0¢ (9,€)°. Also, h(0) +¢t <1 and 3(0) +s > 1, i.e., (0,0) ¢ (A, q)¢ x (3,¢)° which
is a contradiction. For every z,a,z,¢ € X, we put ¢ := min{#(z), i(z"|2")} and
s := max{0(a), 0(c*|c*)}. We consider the next two cases:

(i t := min{A(z), A(z*|z*)} < 0.5
s := max{d(a), d(cc*)} > 0.5,

(ii) { t := min{A(z), A(z"|2")} > 0.5
s := max{0(a), 0(c*c*)} < 0.5.

The first case induces (¢, s) € [0,0.5] x [0.5,1], (z,a) € (h,€)¢ x (7,€)® and
(2%[2%, ) € (B, €)¢ x (D, €)".

It follows from (3.14) that (z,¢) € (h,€): x (9,€)° or (z,¢) € (h,q): X (0,q)°. If
(z,¢) € (A, €)s X (0, €)%, then

Wz) >t= mln{h( ), B(2%]2%)} > min{h(x), i(2"|2"), 0.5},
9(¢) < s = max{9(a),d(c*|¢")} < max{d(a),d(c*|c*),0.5}.
If (z,¢) € (f,q): x (0,q)%, then
1 < i(z) +t=h(z) + min{A(z), L(z"]2%)} < I(z) + 0.5
1>09(c) + s = 9(c) + max{9(a),d(c"|c*)} > d(c) + 0.5,
which imply that %(z) > 1 — 0.5 = 0.5 > min{#(z), i(z*|2"),0.5} and
0(c) <1—-0.5=0.5 <max{9d(a),d(c*|c"),0.5}.
For the second case, we have (t,s) € [0.5,1] x [0,0.5], (z,a) € (h,€)o.5 X (5 €)0-s
and (272", ¢%|c%) € (fi €)os x (3,€)%5. Then (z,¢) € (A, €)o5 x (7,€)"° o
(2.¢) € (i, q)o5 % (3,9)*°

by (3.14). If h(z) < 0.5 < (c), then A(z) + 0.5 < 1 < d(c) + 0.5, ie., (2,¢) ¢
(h,q)o0.5 % (0,q)%5. Thus (2,¢) € (A, €)o.5 x (9,€)°5. So

hi(z) > 0.5 > min{A(x), i(z"|2¥),0.5}
0(c) < 0.5 < max{d(a),d(c"|c*),0.5}.

Conversely, suppose that (3.15) and (3.16) are established. Let t,s € (0,1) be
such that (k, €), # @ # (0,€)*, say (z,a) € (h, €); x (0,€)°. Then

. , t  if t<05
7(0) = min{%(z),0.5} > min{t,0.5} = { 0.5 if t>0.5
and
i >
9(0) < max{9(a),0.5} < max{s,0.5} = { 85 i z < 8?

Thus (0,0) € (h, €); x (3, €)° for (¢, 5) € [0,0.5] x [0.5, 1]. If (£, s) € (0.5, 1] x [0,0.5),
then fi(z) +t =05+t >1and 8(a) + s =05+ s < 1, i.e,, (0,0) € (A, q) x (0, q)*.
So (3.13) is valid.
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Let z,a,z,¢ € X and t1,t9, 51,52 € (0,1) be such that (z,a) € (h, €), x (7,€)%
and (2%]2%,¢%c?) € (K, €)t, X (0, €)%2. Then h(x) > t1, 0(a) < s1, A(2%]27) > t3 and
0(c?|c?) < s9. Tt follows from (3.16) that

h(z) > min{h(x), A(2"|z"),0.5} > min{t,t2,0.5}

_f min{ty,to} if min{ty,t2} <05
- 0.5 if min{tl,tQ} > 0.5

and
9(c) < max{0d(a),d(c"c"),0.5} < max{si, s2,0.5}

| max{si,s2} if max{si,s2}>0.5
1 05 if max{sy,s2} < 0.5.

If (min{t1,t2}, max{sy, s2}) € [0,0.5] x [0.5,1], then
(2,6) € (s €)ingen iy X (0, €152,
If (min{t1,t2}, max{si, s2}) € (0.5,1] x [0,0.5), then
h(z) + min{t1,t2} = 0.5 + min{ty, ta} > 1
and
0(c) + max{s1, s2} = 0.5 + max{s, s2} < 1,
that is, (2,¢) € (A @)min{ts,ta} ¥ (8, q)max{s1:52} Thus (3.14) is valid. O

Theorem 3.11. Let £ := (h, ; €, §) be a linear Diophantine set in X that satisfies
(3.4) and h(z) < 0.5 < d(a) for all x,a € X. If it satisfies the conditions (3.13) and
(3.14), then it is a linear Diophantine Sheffer stroke ideal of X .

Proof. Let t,s € (0,1) be such that (A, €); # @ # (9,€)%, say (y,b) € (A, €) X
(0,€)*®. Then fi(y) >t and 9(b) < s, which imply from Lemma 3.10 that

7(0) = min{A(y),0.5} = h(y) = ¢
and 9(0) < max{d(b),0.5} = 3(b) < s. Thus (0,0) € (h, €); x (0, €)*.

Let z,a,2,¢ € X and t1,t2, 51, 52 € (0,1) be such that (z,a) € (h, €);, x (9,€)%
and (2%]27,¢%c?) € (B, €), X (0, €)%2. Then kA(x) > t1, 0(a) < s1, A(2%|2%) > to, and
0(cc?) < s9. It follows from Lemma 3.10 that

h(z) > min{h(x), i(2"]2%),0.5} = min{A(z), A(z*|2")} > min{t1,t2}
and

0(c) < max{d(a),d(c*c*),0.5} = max{d(a),d(c"c*)} < max{sy,ss}.

Thus (2,¢) € (B, €)minfty e} ¥ (0,€)mexls152t Go £ := (B, T; €, §) is a linear
Diophantine Sheffer stroke ideal of X. O

Theorem 3.12. A linear Diophantine set L := (h, 0; €, §) in X is a linear Dio-
phantine Sheffer stroke ideal of X if and only if the nonempty sets ey .= {x € X |
é < 11,6 = {r e X | é > 1}, (h,€), and (3,€)* are ideals of X for all
(t,s) € (0,1) x (0,1).
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Proof. Let L := (h, 8; €, ) be a linear Diophantine Sheffer stroke ideal of X. Let
(t,s) € (0,1) x (0,1) be such that e; 7& o # (5‘S say (z,a) € ¢ x 0°. Using (3.4), w
havei<.7—1<fand —i>1Then(00)€stx63

g0 — min{eg,eq} = max{ﬁl,é P
Let (x,q) eetxds and( I|z fc® )Eetxzss for every z,a, 2, ceX Then 1 < 4,
1.1 1 1 L 1 y
5 Z 50 Earper = tv | > <. It follows from (3.4) that =— < < ot 62%1} <7

and 5—15 > m > i Thu (z,¢) € g x 6°. This shovvs that ¢; and 6° are
ideals of X. Suppose (%, €); and (9,€)® are nonempty. Then (0,0) € (A, €); X
(0,€)® by (3.5). Let (x,a) € (h,€)¢ x (0,€)® and (27|27, ¢*|¢*) € (h, €)¢ x (0,€)°
for every z,a,z,¢c € X. Then (z,¢) € (h,€): x (0,€)° by (3.6). Thus (%, €); and
(0, €)® are ideals of X.

Conversely, suppose that ; and 6° are nonempty ideals of X for all (¢,s) €
(0,1) x (0,1). If ((0,z,2),(0,a,a)) ¢ e(min) x §(max) for some z,a € X, then
% m:ior%<m:i.Thus0¢€t0r0¢5s,whichisa
contradiction. So

((0,z,z),(0,a,a)) € e(min) x §(max)

for all z,a € X. For every z,a,z,¢ € X, if we take t = min{e;,e,2|.=} and s =

1 1 _ 1 1 1 -1 1
maX{(Sua(Scﬂc“}v then €w < min{ez, e,z e} ~ 17 e.m|.w < min{eg, w0} ~  t7 0o —
_ 1 1 1 _ 1
max{&n,écn‘ca} s and 6,:Cllcu Z max{5a,6 n‘cn} st Thus (:L"a) e Et X 65 and
( lez “\ca) c e X 65. So (Z, C) € e X (55. It follows that é < % = m
1 _ 1
and &~ > ¢ = max(0a S o} Hence

((z,z,2%|2%), (¢, a,¢%[¢")) € e(min) X §(max)

for all z,a,z,¢c € X. It is obvious that (3.5) and (3.6) are established if (%, €); and
(0, €)° are nonempty ideals of X for all (¢,s) € (0,1) x (0,1). Consequently, £ :=
(h, 0; €, J) is a linear Diophantine Sheffer stroke ideal of X. O

Theorem 3.13. If a linear Diophantine set L := (h, 0; €, ) in X satisfies

(317) (VZ’ ac X) ( £z = max{so 0.5} & i < min{§10,0.5}) )

max{da,dca|ca} < min{e., 0.5}
h(x) < max{k(0), 0.5}
d(a) > min{d(0), 0.5}
(Vz,a,z,c € X)
(3.20) min{%(z), A(z%]|2")} < max{h(z), 0.5}

max{d(a), 0(c%c*)} > min{d(c), 0.5} ’

then the nonempty sets e, 6°, (h,€), and (0,€)° are ideals of X for all (t,s) €
(0.5,1) x (0,0.5).

Proof. Let (z,a) € g¢ x 6° and (27|27, ¢%|c®) € &, x §° for (¢,s) € (0.5,1) x (0,0.5).

Using (3.17) induces max{eg, 0.5} > &, >t > 0.5 and min{dy, 0.5} <, < s < 0.5.

Then g > t and §y < s. Thus % < % and % > %7 which shows that (0,0) € &, x 6°.

Also, using (3.18), we have max{e., 0.5} > min{e,, £;+|;»} > min{t,t} =t > 0.5
11

: 1 > 1
(3.18) (Vz,a,z,c € X) ( min{ea,exel;e} = maxe,,0.5) ) ;
(3.19) (V2,0 € X) (

x
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and min{d, 0.5} < max{dq, dca|ca} < max{s,s} = s < 0.5. So e, >t and . < s,
which imply that é < % and i > % Hence (z,¢) € g, x §°. Therefore ¢; and §° are
ideals of X. Let (z,a) € (h,€); x (0,€)® and (2*|2%,¢%c%) € (h,€); x (0,€)® for
(t,s) € (0.5,1) x (0,0.5). Then A(z) >t > 0.5, d(a) < s < 0.5, A(z*|z") >t > 0.5,
and 9(c*[¢?) < s < 0.5. It follows from (3.19) and (3.20) that max{#(0), 0.5} >
R(xz) >t > 0.5, min{d(0), 0.5} < d(a) < s < 0.5 and

max{f(z), 0.5} > min{f(z), A(z*|z")} >t > 0.5,

min{d(c), 0.5} < max{d(a), (c*|c*)} < s < 0.5.
Thus #(0) > ¢ and 9(0) < s, that is, (0,0) € (h,€); x (0,€)%, and fi(z) > t and
0(c) < s, that is, (z,¢) € (h, €); x (0,€)*. So (A, E)t and (0, €)® are ideals of X. O

Theorem 3.14. If L := (k, 0; ¢, 0) is a linear Diophantine Sheffer stroke ideal of
X, then the nonempty sets

cqry ={reX |t <5} 89 ={zeX| &>
(h,q)¢ and (0,q)° are ideals of X for all (t,s) € (0,1) x (0, 1).

Proof. Assume that £ := (h, 0; €, §) is a linear Diophantine Sheffer stroke ideal of
X. Let z,0,2,¢ € X and (t,s) € (0,1) x (0,1) be such that (z, a) € g,y x §9¢) and
(2727, ¢®[c®) € eqz) % 09(*). Then

1 1

€0 < min{es, ea)
1
90
1
€z

<7t

1 1

max{dq,0a} 67 > —s?
1 1

min{ez, e, | o } < 1-t>

1
s

vV
)—Azf;“‘*‘

IN

%

T

max{dq,0ca|c

S

by (3.4). Thus (0,0) € g4¢) x 69®) and (z,¢) € g4y x 67*). This shows that £,(; and
69() are ideals of X. Let (z, a) € (h,q)¢ x (9,¢)* and (27|27, ¢®|c*) € (h, q); x (D, q)*
for every x,a,z,¢c € X and (¢,s) € (0,1) x (0,1). Then A(z) +t > 1, 0(a) + s < 1,
h(z%|2%)+t > 1, and 9(c*[¢*) + s < 1. It follows from (3.8) and (3.9) that A(0) +¢ >
A(x)+t>1,08(0)+s <d(a) + s < 1, that is, (0, 0) € (h,q): x (0,q)*, and
h(z) +t > min{A(x), h(z"|2")} + t
= min{hA(x) + t, A(2"|2") + t} > 1,

0(¢) + s < max{d(a),d(cc¢")} + s
= max{0(a) + s,0(c[¢") + s} < 1,

that is, (z, ¢) € (%, q)+ x (0,q)®. Thus (A, q): and (3, ¢q)*® are ideals of X. O
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